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𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒		𝑓 𝑥 = 1 − 𝑤./.01
2	
																																																																				𝑠𝑢𝑏𝑗𝑒𝑐𝑡	𝑡𝑜	ℎ 𝑥 = 0																																																														(2.1)	𝑔(𝑥) ≤ 0	where,	the	objective	function	ensures	the	sum	of	the	weights	is	equal	to	one.	X	is	the	vector	of	the	attribute	weights,	n	is	the	number	of	attributes,		𝑤. 	is	the	weight	of	
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attribute	𝑖.	The	inequality	constraints	are	based	on	a	set	of	stated	preferences	from	the	decision	maker.	If	the	decision	maker	prefer	hypothetical	alternative	A	to	alternative	B,	for	example,																																																																												𝐴 > 𝐵																																																																													(2.2)		then,	their	value	of	alternative	A	is	greater	than	that	of	alternative	B,	which	can	be	expressed	as																																																																						𝑉(𝐴) > 𝑉(𝐵)																																																																						(2.3)		Finally,	the	inequality	can	be	formulated	as	an	inequality	constraint	for	the	optimization	problem,	as	shown	in	Eq.2.4	𝑉 𝐵 − 𝑉 𝐴 < 0																																																																				𝑉 𝐵 − 𝑉 𝐴 + 𝛿 ≤ 0																																																								(2.4)		The	𝛿	in	Eq.	2.4	is	a	small	positive	number	included	to	transform	the	strict	inequality	to	the	more	standard	constraints	representation	 ≤ 	while	ensuring	V(A)	is	still	larger	than	V(B).			The	equality	constraints	are	developed	based	on	stated	preference	of	alternatives	equally.	Their	value	is	equal,	giving	the	following	Eqn.	2.5																																																						𝑉 𝐴 = 𝑉 𝐵 	𝑜𝑟	𝑉 𝐴 − 𝑉 𝐵 = 0																																						(2.5)		The	value	of	an	alternative	(alternative	A	in	this	case)	is	give	as		
























































































































































































































































































































































































































































































































































Table	7.6	Real	values	of	hypothetical	alternatives	Hypothetical		alternative	 LCA	 Production	cost	($)	 Performance	(s)	A	 0.7282	 92.35	 2.294T	B	 0.6753	 80.53	 0.58T	C	 0.5058	 76.15	 0.823T	D	 0.7282	 80.53	 0.823T	E	 0.6757	 76.15	 2.294T	F	 0.5058	 92.35	 0.58T	G	 0.7282	 76.15	 0.58T	H	 0.6753	 92.35	 0.823T	I	 0.5058	 80.53	 2.294T		 After	the	preference	strengths	have	been	determined	in	order	to	avoid	the	flaws	of	assuming	a	linear	preference	structure,	normalization	is	carried	out,	as	shown	in	Table	7.7.		
Table	7.7	Normalized	alternative	scores		 LCA	 Production	cost	 Performance	Reference	 0	 1	 0.1855	Alternative	#1	 0.8223	 0.5089	 0.5268	Alternative	#2	 0.9998	 0	 1	Alternative	#3	 0.9148	 0.6893	 0	Alternative	#4	 1	 0.151	 0.0007		 Next	step	is	the	formulation	of	preference	structure	as	an	optimization	problem.	Here,	the	preference	structure	is	assumed	as	C>B>A,	E>F>D,	G>I>H.		By	using	the	values	shown	in	Table	7.5,	six	constraints	can	be	created.	Therefore,	the	complete	optimization	problem	can	be	formulated	below:		𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒		𝑓 𝑥 = [1 − 𝑤1 + 𝑤2 + 𝑤Q ]2					𝑠𝑢𝑏𝑗𝑒𝑐𝑡	𝑡𝑜																𝐺1 = −0.5𝜔1 − 0.5𝜔2 + 0.5𝜔Q + 𝛿 ≤ 0	
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Table	7.8	Attributes	weights		 Mean	value	of	weights	Attributes	Weights	 Baseline	 Alternative	#1	 Alternative	#3	𝝎𝟏	 0.1016	 0.2542	 0.3353	𝝎𝟐	 0.5238	 0.4508	 0.5416	𝝎𝟑	 0.3746	 0.2950	 0.1234		 Local	weight	that	lead	to	baseline	design	having	the	greatest	utility	score	are	colored	blue,	those	that	lead	to	alternative	#1	winning	are	colored	orange,	and	those	lead	to	alternative	#3	wining	are	colored	yellow.	The	grey	triangle	plane	represents	the	sets	of	local	weights	that	sum	to	one.	The	minimum,	maximum	and	mean	value	are	calculated	for	each	attributes	and	recorded	in	Table	7.9.	The	mean	value	are	used	for	calculating	the	utility	score	of	each	alternative	and	the	total	utility	score	for	each	alternative	is	shown	in	Table	7.10.			
Table	7.9	Attributes	weights	Attributes	Weights	 Minimum	 Maximum	 Mean	𝜔1	 0.002	 0.3982	 0.2446	𝜔2	 0.4010	 0.6656	 0.5044	𝜔Q	 0.0013	 0.4980	 0.2510		 Table	7.10	Utility	score	for	each	alternatives		 Baseline	 Alternative	#1	 Alternative	#2	 Alternative	#3	 Alternative	#4	Utility	Score	 0.5510	 0.5901	 0.4956	 0.5714	 0.3225		In	order	to	further	constrain	the	design	space	so	that	only	one	winner	is	found,	constraints	must	be	added	which	separate	the	three	regions	of	the	space	that	lead	to	a	different	alternative	winning	[53].	Three	new	pairs	of	hypothetical	alternative	are	created	in	order	to	place	constraints	between	any	two	of	the	regions.	
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The	boundaries	between	the	regions	are	located	where	the	values	of	the	two	alternatives	are	equal	as	defined	by			𝑉 𝐵𝑎𝑠𝑒𝑙𝑖𝑛𝑒 = 𝑉(𝐴𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒	#1)																																																						𝑉 𝐵𝑎𝑠𝑒𝑙𝑖𝑛𝑒 = 𝑉(𝐴𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒	#3)																																													(7.2)																																																							𝑉 𝐴𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒	#1 = 𝑉(𝐴𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒	#3)	By	such	definition,	the	boundary	line	can	be	determined	and	converted	into	a	preference	constraint.	For	example,	the	value	functions	for	baseline	and	alternative	#1	are:																																																						𝑉 𝐵𝑎𝑠𝑒𝑙𝑖𝑛𝑒 = 𝜔2 + 0.1855𝜔Q																																																				(7.3)																																										𝑉 𝐴𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒	#1 = 0.8223𝜔1 + 0.5089𝜔2 + 0.5268𝜔Q																(7.4)		Therefore,																																																					𝑉 𝐵𝑎𝑠𝑒𝑙𝑖𝑛𝑒 = 𝑉 𝐴𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒	#1 																																																		(7.5)																																𝜔2 + 0.1855𝜔Q = 0.8223𝜔1 + 0.5089𝜔2 + 0.5268𝜔Q = 0																							(7.6)		To	create	new	hypothetical	alternatives,	the	terms	in	Eq.	7.6	are	rearranged,	as	in	Eq.	7.7																																																0.8223𝜔1 + 𝜔Q = 0.4911𝜔2 + 0.6587𝜔Q																																										(7.7)		It	is	important	to	note	that	Eq.	7.7	is	just	one	possible	rearrangement.	The	right	and	left	hand	side	of	Eq.7.7	are	two	value	functions	that	correspond	to	two	different	hypothetical	alternatives.	The	rest	of	the	four	alternatives	are	developed	in	the	same	way.	Using	the	strength	of	preference	of	Figure	7.10,	the	six	alternatives	are	unnormalized	and	presented	in	Table	7.11.			
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Table	7.12	Final	attributes	weights	Attributes	Weights	 Minimum	 Maximum	 Mean	𝜔1	 0.117	 0.2293	 0.1937	𝜔2	 0.4459	 0.5413	 0.4816	𝜔Q	 0.2294	 0.4164	 0.3247		 The	mean	value	for	each	weight	in	Table	7.13	is	used	for	calculating	utility	scores	for	the	three	attributes.	The	utility	score	on	each	attribute	is	found	in	Table	
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